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PREFACE 
It is well known that pure subgroups, neat subgroups, basic subgroups, high 
subgroups, large subgroups and divisible groups etc. have become most useful tools 
in abelian groups. Most of these concepts have been generalized for modules by 
different Mathematicians. These studies were carried by imposing some restrictions 
either on modules or the ring involved. To mention all the generalization is beyond 
the scope of this dissertation, therefore we will restrict ourself to some generaliza-
tions by a few mathematicians. For instance, in 1952,1. Kaplansky generalized some 
of the well known results of pure subgroups and divisible groups for module over 
dedekind rings and valuation rings. Latter, in 1970, D. Eisenbud and J. C. Rob-
son studied modules over dedekind prime rings. Subsequently D. Eisenbud and P. 
Griffith studied serial rings and modules over these rings and did some very useful 
decomposition theorems. In 1972, H. Marubayashi, generalized some of the results 
of torsion abehan groups for torsion modules over bounded dedekind prime rings. 
Latter, In 1975, ,S. Singh [28] did the analogous study of modules over bounded 
hereditary noetherian prime rings and generalized some of the results of abelian 
groups. In [30] he further introduced the concept of h-pin:ity and generalized some 
of his own results of [28]. Recently, in 1977, M. Zubair Khan [15] studied the module 
satisfying one condition as introduced by S. Singh and called the module as QTAG-
module. Analogously, M. Zubair Khan also introduced many new concepts Uke 
h-neat submodules, complement submodules, high submodules, h-divisible modules 
etc. Khalid Benabdullah [7], M. H. Upham [2A] and W. A. fli%!>«»i|^ also did some 
similar work. 
The purpose of this dissertation is not to mention all, which perhaps will be very 
enormous job. Therefore, we have concentrated only on those some generalizations 
which have been either carried over by S. Singh or M. Zubair Khan. 
The present dissertation comprises of five chapters, consisting of various sections. 
The principal purpose of the introductory chapter I on preliminaries, is to acquaint 
the readers with the teraiinology and basic results of modules, which will be more 
often used in the subsequent diapters. 
In chapter II, we deal with the modules over hereditary noetherian prime rings 
and generalization of some results of torsion AbeUan group to modules over such 
rings. For instance, we have given the generalization of Kulikov's criterion of de-
composabihty [Prop. 2.2.5]. 
The chapter III, deals with h-neat submodule, complement submodules and in-
tersection of h-neat submodules of QTAG-module. In section 3.2, some elementary 
useful result for QTAG-module [Prop. 3.2.1, Prop. 3.2.2, Prop. 3.2.3] are given. In 
section 3.3 we have shown a necessary and sufficient condition for a submodule of 
a QTAG-module to be h-neat submodule [Prop. 3.3.2]. In the last section we have 
discussed the generalization of Rivalry theorem [Prop. 3.3.4]. 
In chapter IV, we consider the h-pure submodules and cobounded submodules 
of QTAG-module and proved that high submodules are always h-pure submodule 
[Prop. 4.2.10]. 
In chapter V, we have discussed h-divisible and basic submodules of QTAG-
modules. Here we have proved that every h-divisible submodule of a QTAG-module 
is a direct summand [Prop. 5.2.4] and obtained the condition under which a QTAG-
module contains exactly one basic submodule [Prop. 5.3.13]. 
a 
CHAPTER - 1 
PRELIMINARIES 
§ 1.1. Introduction 
The concepts of pure subgroups, neat subgroups, divisible subgroups, basic sub-
groups and high subgroups are quite important objects in abelian groups. Some of 
its generalization is done in the present dissertation. The principal purpose of this 
introductory chapter is to recall some necessary definitions, notations and other back 
ground informations needed for the subsequent chapters. This is being done only to 
fix up the terminology and notations for subsequent use. Here some definitions and 
elementary properties of modules are given. 
Throughout this chapter we shall consider right il—module MR where R is an 
associative ring with identity. 
§ 1.2. Some elementary concepts for modules 
Definition 1.2.1. Suppose M and N are two i?—modules and / is a function 
firom M into N, f : M -¥ N. Then / is called an R-homomorphism of M into N if 
and only if / satisfies the following two conditions: 
(i) /(mi + mi) = /(mi) + /(m2) 
(ii) fimr) = f(m)r 
for all r G i2 and m, mi, ma € M. 
Definition 1.2.2. A module MR is called simple if M has no proper submodules. 
Definition 1.2.3. Let MR be a module. Then the sum of all simple submodules 
of M is called socle of M, denoted by Soc(M). 
Definition 1.2.4. Let MR be a module. Then a submodule of Soc{M) is called 
subsocle of M. 
Definition 1.2.5. Let M be an /Z-module and let x e M. Then xR= {xr\r e 
i?} is a submodule of M and is called the submodule of M generated by x. 
Definition 1.2.6. Let TV be a submodule of MR then {r £ R \ xr = 0, for every 
X € N} is called annihilator of N and denoted by ann (N). 
Definition 1.2.7. Let M be a non-zero module, then a finite chain of n + 1 
submodules oi M, M = MQ > Mi > M2 > ••• > M„ = 0 is called a composition 
series of length n for M provided M,/M(,_i) (i = 1,2,3, • • • , n) is simple. If the 
length of a module M is n, then we write d{M) = n. 
Definition 1.2.8. A module MR is called unisericd if it has a unique composi-
tion series of finite length. 
Example 1.2.1. Let M = {0,1,2,3}® 4 be a module over Z. Then M = 
Mo, Ml = {0,2}, M2 = {0} are submodules of M and M = MQ > Mi > M2 = {0} 
is a unique composition series of length 2 for M as Mi/Mo and M2/M1 are simple 
modules. So M is a uniserial module. 
Example 1.2.2. Let M = {0,1,2,3,4,5}® e be a module over Z. Then 
M = Mo, Ml = {0,2,4}, M2 = {0,3}, M3 = {0} are submodules of M and 
M = Mo > Ml > M3 = {0}, M = Mo > M2 > M3 = {0} are two composition 
series of length 2 for M. So M is not a uniserial module. 
Definition 1.2.9. A module MR is called uniform if intersection of any two of 
its non-zero submodules is non-zero. 
Example 1.2.3. If we consider M = 2Z as a. module over Z then for any two 
non-zero submodnles mZ and nZ of 2Z, it is trivial to see that mZ dnZ ^ 0, as 
mZ OnZ = IZ where I is l.c.m of m and n. 
Definition 1.2.10. A modtile NR is called an extension of a module MR if there 
exists a monomorphism / : MR —>• NR. We denote this extension by {N, M, / ) or 
N>fM. 
Definition 1.2.11. Let iV be a submodule of MR, then N is called essential 
submodtde of M if iNTDT ^ 0 for every non-zero submodule T oi M. It is denoted 
by N a M. 
Definition 1.2.12. A modxile M extending N is called an essential extension 
provided every non-zero submodule of M has non-zero intersection with N. In other 
words if N C M, M is an essential extension of N if and only if JV is essential sub-
module of M. 
Proposition 1.2.1. If JV is an essential submodule of M then Soc(A'') = Soc(il/). 
Proposition 1.2.2 [4, Prop. 5.12]. For a submodule N of R-module M the 
following statements are equivalent. 
(i) N is essential in M. 
(ii) The inclusion map i/^ : N —^ M is an essential monomorphism. 
(Hi) For every module N and for each h € Hom{M, N) 
(ker h)nN = 0 impUes ker h = 0. 
Proposition 1.2.3 [4, Prop. 5.16]. Let M be a module with submodule 
KCNCMandHCM then, 
(i) K C' M if and only ii K C' N and N C' M. 
(ii) ffnKC' Mif and only if H C' M and K C' M. 
Definition 1.2.13. If N and K are submodules of a module M, then N is called 
a complement oiK iiN is maximal with respect to the property NnK = 0. 
Definition 1.2.14. A submodule T of M is called complement submodule if T 
is a complement of some submodule U oi M. 
Proposition 1.2.4 [4, Prop. 5.21]. Every submodule N of R-module M has 
a complement. Moreover, if iV' is a complement of N. Then, 
(i) N®N'a M. 
(ii) {N®N')/N'C' M/N'. 
Proposition 1.2.5 [2, Page 15]. If AT is a submodule of M and K is any 
complement of ^ in M, then there exists a complement Q of i^ in M. Such that 
N CQ. Furthermore, any such Q is a maximal essential extension of N in M. 
Definition 1.2.15. A submodule N oi M is called closed in M if iV has no 
proper essential extension in M. 
Proposition 1.2.6 [2, Page 16]. The closed submodules of a module M 
coincide with the complement submodules of M. Furthermore, if N and K are com-
plement submodules and if K is a complement of A^  in M, then N is a complement 
of KinM. 
Proposition 1.2.7 [2, Page 16]. Let AT be a submodule of M, let K be any 
complement of TV in M and let Ni = N + K, then Ni C' M and Ni/K C' M/K. 
Definition 1.2.16. A module M satisfies ascending chain condition (a.c.c) [de-
scending chain condition (d.c.c)] if every properly ascending (descending) chains of 
submodules of M terminates after a finite number of steps. 
Definition 1.2.17. A module M is called Noetherian (Artinian) if every as-
cending (descending) chain of submodules becomes stationary after a finite number 
of steps. 
Proposition 1.2.8 [4, Prop. 11.1]. A non-zero module M has a composition 
series if and only if M is both Artinian and Noetherian. 
Definition 1.2.18. A ring R in which every strictly descending chain of right 
(left) ideals is finite is called Right (Left) Artinian ring. 
Definition 1.2.19. A module MR is called injective if given any diagram, 
0—^A-UB 
gi A 
M 
of i2—modules with exact row, it is always possible to find an i?— homomorphism 
h: B -^ M such that ho f = g. 
Definition 1.2.20. A module MR is called projective if given any diagram, 
M 
of i?—modules with exact row, it is always possible to find an R- homomorphism 
h: M -^ A such that f o h = g. 
Definition 1.2.21. Let AT be an extension of a i?—module M. If AT is a maximal 
essential extension of M, then N is called an injective hull of M, denoted by ER{M). 
Example 1.2.4. Let Z be the ring of integers and Q be the additive group of 
rational numbers. Then Qz is the injective hull of Zz. 
Proposition 1.2.9. Let N be an extension of a jR-module M. The following 
statements are equivalent. 
(i) N is the injective hull of M. 
(ii) N is injective il—module and ^ is an essential extension of M. 
(iii) N is a minimal injective extension of M, that is, TV is an injective i?—module 
such that ilM C N' CN and N' is injective, then N' = N. 
Definition 1.2.22. A ring R is called right (left) hereditary if every right (left) 
ideal is projective. 
Definition 1.2.23. A ring R is called hereditary if it is both right as well as left 
hereditary. 
Examples 1.2.5. (i) The ring of integers is a hereditary ring. 
(n)Any principal ideal domain is a hereditary ring. 
Definition 1.2.24. A ring R is called prime ring if (0) is a prime ideal. 
Definition 1.2.25. A prime ring which is right hereditary, left hereditary, right 
noetherian and left noetherian is called hereditary noetherian prime ring [(/inp)—ring]. 
Definition 1.2.26. A ring R is called right (left) bounded if each of its essential 
right (left) ideal contains a non-zero two sided ideal. 
Definition 1.2.27. An (/inp)-ring R with no proper idempotent two sided 
ideals is called dedekind prime ring. 
Definition 1.2.28. An element of a ring R is called regular if it is neither left 
zero divisor nor right zero divisor. 
Definition 1.2.29. A module MR is called divisible if Mr = M for all regular 
elements r € /?. 
Definition 1.2.30. A ring R is called generalized uniserial if its right and left 
modules are direct sum of uniserial modules ; equivalently, a ring R is generalized 
serial if it satisfies mininiiiTP condition on both sides and for every primitive idem-
potent e of R the right (left) ideal eR (Re) has a unique composition series. 
Proposition 1.2.10 [3, Theorem 17], Let Rhe a generalized uniserial ring, 
then every /2—module is a direct sum of uniserial modules. 
Proposition 1.2.11 [28, Theorem 1]. Every factor ring of an (/inp)—ring is 
generalized uniserial. 
Definition 1.2.31. In a module MR, an element x is said to be a torsion ele-
ment if xr = 0 for some regular element r e R. The set of all torsion elements T{M) 
forms a submodule and is called torsion submodule of M. A module M is said to be 
torsion module iiT(M) = M. Equivalently if every non-zero element of M is torsion. 
Definition 1.2.32. In a module MR, an element x is said to be torsion free if 
for every regular element r € R with xr = 0 implies that r = 0. A module M is 
said to be torsion free if T{M) = 0. Equivalently if every non-zero element of M is 
torsion free. 
Definition 1.2.33. A set of elements Xi,X2, • • • ,Xm& M is called independent 
set if ^Xjr j = 0, TJ € i l implies Xiri = 0 for all i. 
Definition 1.2.34. A ring R which is isomorphic to an irreducible ring of en-
domorphisms of some abeUan group may be called primitive ring. 
Proposi t ion 1.2.13 [28, Lemma 2]. Let i? be a bounded (/inp)-ring then 
the following hold. 
(i) Any uniform toreion ^—module is either of finite length and uniserial or is 
injective and of infinite length. 
(ii) Let U and V be any two uniform, torsion right i?—modules and b{^ 0) £ U. 
If / : 6i2 -4 F is a nonzero i2-homomorphism and d{U/bR) < d(V/f(bR)), 
then f can be extended to an i?—homomorphism g : U -^ V and U/bR = 
g(U)/g(bR). 
(iii) Any nonzero homomorphic image of a uniform, torsion i?—module is uniform. 
CHAPTER - 2 
MODULES OVER HEREDITARY NOETHERIAN PRIME 
RINGS 
§ 2.1. Introduction 
The theory of modules is an important branch of mathematics in algebra. The 
study of module structure is a useful tool in representation theory. The idea of 
generalization of abeUan group theory via module theory is not new. Mauiy math-
ematicians have investigated these structures by either imposing some conditions 
on module itself or on the underlying rings. The theory of abelian groups has 
served as a basis for extending results and ideas to the general setting of module 
theory. For instance, H. Marubayashi [6] generalized several concepts and results 
of abeUan groups to modules over dedekind prime rings and Eisenbud and Griffith 
[3], S. Singh [28] did the similar work for modules over hereditary noetherian prime 
rings and generalized some results of abelian groups. Kulikov, Kertesz, Priifer, Szele 
had made basic contribution to the problem of decomposabihty of abelian p-groups. 
Kaplansky [7] studied analogous problems for modules over dedekind domain. 
Through out this chapter, R will stand for an (/inp)-ring, which is not right 
primitive. Using the structure of an indecomposable injective torsion i?-module, 
some of the basic concepts and results on the decomposabihty of a torsion abelian 
group are generalized to module over R. For instance, we have stated the general-
ization of kulikov's criterion for this module [Prop. 2.2.5]. We have also discussed 
Y^ —module and got different characterization [Props. 2.2.30-2.2.33]. 
§ 2.2. Some definitions and decomposition theorems 
Definition 2.2.1. Let MR be a torsion module over a boimded (hnp)—ring R, 
then an element x {^ 0) of M is called uniform if the submodule xR is a non-zero 
uniform i?-module. 
Definition 2.2.2. Let MR be torsion module over a bounded (/inp)-ring R, 
then an uniform element x € Af is called of exponent t, denoted by e(x), if the length 
d{xR) = t ; the supremum of all d{yR/xR), where yR is a uniform submodule of 
M containing x, is called the height of x and is denoted by HM{X) (or simply H{x)). 
Definition 2.2.3. A submodule of a module M generated by vmiform elements 
of M of infinite height is denoted by M ^ 
Definition 2.2.4. For any module M, a complement of M^ is called high sub-
module of M. 
Definition 2.2.5. Let MR be a torsion module over a bounded (^np)—ring R, 
then M is called bounded if there exists a positive integer k such that H{x) < k for 
all uniform elements x € Af. 
Proposition 2.2.1 [28, Lemma 4]. Let M R be a torsion module over a 
bounded (/inp)—ring R and Xi,X2,... ,x„ be finitely many imiform elements of M 
such that for some non-negative integer fc, H{xi) > k for all i. Then for every 
uniform element x of M in ^ ^ XiR, H{x) > k. 
Definition 2.2.6. Let MR be a torsion module over a bounded {hnp)—i'mg R, 
then Hk{M) will denote the submodule ofM generated by all those uniform elements 
of M, which are of height > k. 
Proposition 2.2.2 [28, Lemma 5]. If M = C/j e C/2 © • • • ® C/n is a torsion 
module over a bounded (/inp)-ring R, where each Ui is uniserial, then for any uni-
form element x of M, H{x) < max{d{Ui)) - 1 and e(x) < max{d{Ui)). 
Proposition 2.2.3 [28, Lemma 1]. Any finitely generated torsion /^-module 
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is a direct sum of finitely many uniserial modules. 
Proposition 2.2.4 [28, Lemma 6]. Let M = >1 + S be a torsion module 
over a bounded (/inp)-ring R and A, B be any two its submodules. Then for any 
non-negative integer fc, 
Hk{M) = Hk{A) + Hk{B). 
Proof: Since Ho{M) = M the result holds for k = 0. To apply induction on 
A;, let ik > 0 and the result hold for fc - 1. Thus Hk-i{M) = Hk-i{A) + Hk-i{B). 
Let T be a submodule of Hk-i{M) such that Hk-i{M)/T is completely reducible. 
Suppose Hk{M) ^ T. By the Prop. 2.2.3, every non-zero element of M is a sum 
of finitely many uniform elements. So there exists a uniform element x € Hk{M) 
such that X ^ T. As xR is uniserial, xR OT = yR with d{xR/yR) > 1. Since 
H{x) > fc > 1, there exists a uniform element z with H{z) > fc — 1, and xR < zR. 
In that case zRHT = yR, d{zR/yR) > 2 and zR/yR is uniserial. This contradicts 
the fact that Hk-i(M)/T is completely reducible. Hence Hk{M) C T. It can be 
seen on similar lines that Hk-i{M)/Hk{M) itself is completely reducible. Now 
being a homomorphic image of Hk-i{A)/Hk{A) © Hk-i{B)/Hk{B), is completely 
reducible. Consequently Hk{M) C Hk{A) + Hk{B). Obviously Hk{A) + Hk{B) C 
Hk{M). Hence HkiM) = Hk{A) + Hk{B). 
Proposi t ion 2.2,5 [28, Theorem 3]. Let M be a torsion module over a 
bounded (hnp)—ring R. Then M is a direct siun of uniserial i?-submodules (hence 
cycUc) if and only if M is a union of an ascending sequence M„, (n = 1,2...) of 
submodules such that for each n, there exists a positive integer fc„, with the property 
H{x) < fcn for all uniform elements x of M^. 
Proposit ion 2.2.6 [28, Corollary 1]. Let M be torsion module over a bounded 
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(/inp)-ring R and P be its socle. Then M is a direct sum of uniserial modules if 
and only if P is a union of ascending sequence P„, (n = 1,2...) of submodules such 
that for each n, there exists a positive integer fc„ with the property H{x) < /c„ for 
every uniform element x oi Pn-
Definition 2.2.7. A torsion i?—module M is called decomposable if it is a direct 
sum of uniserial submodiiles. 
Definition 2.2.8. A torsion jR—module M is called indecomposable if it is not 
a direct sum of any two of its non-zero submodules. 
Proposition 2.2.7 [28, Theorem 4]. Let R be any (/inp)—ring. If M is de-
composable iZ—module, then every submodule of M is decomposable. 
Definition 2.2.9. Let M be a torsion module over a bounded (/inp)—ring R. 
A subset B of M is said to be a basis of M if 
(i) every member of B is a uniform element of M. 
(ii) B is an independent set and it generates M. 
Proposition 2.2.8 [28, Theorem 5]. Let M be a torsion module over a 
boimded (/inp)—ring R. Then a subset B of M consisting of imiform elements is a 
basis of M if and only if 
(z) 5 is a maximal independent set. 
(a) No element of B can be replaced by a uniform element of exponent greater 
than that of that element without violating independence. 
Proposition 2.2.9 [28, Corollary 3], Let M be a torsion right R-module, J 
a submodule of M and K a submodule of M maximal with respect to the property 
that TnK = (0), such that the following hold : 
(i) If {xR + K)/K is a simple submodule of MJK, then xRcT + K. 
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(ii) Given a simple submodule xR of M/{T+K) there exist a corresponding simple 
submodule of [{Hi{M) + K)nT]/Hi{T). 
If [(//i(M) + /<-) n T\/Hi{T) = (0), then M = T®K. 
Proof: Suppose M ^ T®K, then we can consider a factor module M/{T+K) ^ 
0, such that xR is a simple submodule of M/{T + K), for x £ M, then by the hy-
pothesis there exists a simple submodule of [{Hi{M) + K)r\ T]/Hi{T), therefore 
[{Hi{M) + K)n T\lHi{T) 7^  0. Which is a contradiction, so M = T®K 
Proposition 2.2.10 [28, Theorem 7]. Let M be a torsion module over a 
boimded (/inp)—ring R. Further let N he a. submodule of M, such that it is a 
direct siun of uniserial modules of the same finite length k. Then the following are 
equivalent: 
(i) N SsQ. direct summand of M. 
{ii) Hn{N) = NnHn{M) for aU n. 
(m) TV satisfies Hk{M) n JV = (0). 
Proof: (i) unpUes {ii): Let M = NeT. By Prop. 2.2.4, 
Hr.{M) = Hr.{N) e Hn{T). 
Hence Hn{M) nN = {Hn{N) 0 if„(r)) n N 
= Hr,{N) e {Hn{T) n N) by modular law 
= Hn{N) + 0 
= Hn{N) 
{ii) implies {Hi): By Prop. 2.2.2, every uniform element in N has height < A; - 1 in 
N. So that Hk{N) = (0). Hence by {ii) N n Hk{M) = (0). 
{Hi) imphes (i): Let K he a submodule of M maximal with respect to the property 
that NnK = (0) and Hk{M) C K. Consider T = {H^{M) + K)nN. By Prop. 2.2.4, 
Hk-i{T) C {Hk{M) + K)nHk-i{N) = KnHk-i{N) = (0), since KnN = {0). 
13 
Hence Hk-i{T) = (0). Appealing to Prop. 2.2.1, we get T C Hi{N). Hence by Prop. 
2.2.9, M = N®K. Hence the result follows. 
Proposition 2.2.11 [28, Theorem 8]. Let M be a torsion module over a 
bounded (/inp)-ring R and N be any boimded submodule of M such that Hn{N) = 
Hn{M) n iV for all n. Then iV is a direct summand of M. 
Proof: Since we know that "A bounded torsion il—module is a direct sum of 
cyclic modules". Then a bounded torsion module N may be written in the form 
N = Ni+T, where ATi is a direct sum of cycUc modules of the same finite length n. 
If AT is a submodule of M such that NnHniM) = Hn{N), then its direct summand 
Ni is again submodule such that Ni n /f„(Af) = Hn(N). Hence by Prop. 2.2.10, 
M = Ni + Mi. Hence N = Ni+Ti where Ti=NnMi^T. Ti is a submodule 
of Ml such that Ti D Hn{M) = Hn{Ti), and, by an obvious inductive argument, it 
follows that Ti is a direct simunand of Mi. We conclude that N is a direct summand 
ofM. 
Proposition 2.2.12 [28, Theorem 9]. Let M be a torsion module over a 
boimded (/inp)—ring R. Let A^  be a submodule of M, such that Hn{N) = Hn{M)nN 
for all n. If M/N is decomposable, then AT is a direct summand of M. 
Proposition 2.2.13 [28, Lemma 8]. If in a torsion i?-module every uniform 
element of its socle is of infinite height, then M is an injective module. 
Proposition 2.2.14 [28, Theorem 10]. Let M be a torsion module over a 
bounded (/inp)—ring i?, Then: 
(i) If a uniform element x in Soc{M) is of finite height, x belongs to a uniform 
finite length, direct'simimand of M. 
{ii) M has a uniform durect summand, which can be chosen to be of finite length 
if M is not injective. 
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Proof: (i) Let H{x) = n. Then there exists a uniform element y in M, such that 
I 6 yi? and e(y) = n + 1. Consider N = yR. we prove that N n /frn(M) = HmiN) 
for all m. Obviously Hm{N) C Arn/fm(M). Let a uniform element u G NnHm{M). 
Then zeyROuR yields 
n = i/(z) > //(tx) + e{u) - e(z) > m + e(u) - 1. 
Therefore e(u) < n — m + 1 . Hence d{yR/uR) = e(y) — e{u) > m. Hence height of u 
in iV is at least m ; so w € Hm{N). Hence N D //^,„(M) = HmiN). By Prop. 2.2.10, 
TV is a direct summand of M. This proves (i). 
[a) If every element in a Soc{M) is of infinite height, then by Prop. 2.2.13, M is 
injective, and hence M is a direct sum of imiform modules. If there exists a uniform 
element in Soc(M) of finite height, then (i) yields M has a uniform finite length 
direct summand. This proves (ii). 
Proposition 2.2.15 [28, Corollary 4]. Every divisible /?—module M is injec-
tive. 
Proposition 2.2.16 [28, Corollary 5]. Any indecomposable torsion R- mod-
ule is imiform. 
Definition 2.2.10. A module MR is called faithful module if for any non-zero 
r 6 /2, Mr 7^  0. 
Definition 2.2.11. A module MR is called completely faithful if every submod-
ule of each of its factor modules is faithful. 
Proposition 2.2.17 [29, Lemma 2.1]. If U is any uniform torsion R- mod-
ule, then either U is completely faithful or every finitely generated submodule of U 
is unfaithful. 
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Proposition 2.2.18 [29, Theorem 2.2]. Let JB be an indecomposable injective 
torsion i?-module, such that E is not completely faithful. There exists an infinite 
properly ascending chain of submodules 
(0) = XQR < xiR < X2R < ...< XmR < ... <E 
such that Xi^iR/xiR is a simple /2-module, the members of the chain are the only 
submodules of E and E = UmXmR- Further, there exists a non-negative integer n 
such that Xi+iR/xiR ^ Xj+iR/xjR if and only if i = j{mod n). 
Proposition 2.2.19 [29, Lemma 2.3]. Let X be any uniserial module over a 
right artinian ring R and let 
X = Xo>Xi>X2>...>Xt = (0). 
be its unique composition series. If for any i with 0 <i <t—l, Pi — ann (Xi/Xi+i), 
then XiPi = Xi+i. 
Proposition 2.2.20 [29, Lenuna 2.5]. Let xR be a uniserial torsion, unfaith-
ful i?-module and A = ann (xR). The ring S = R/A is generalized uniserial and has 
homogeneous socle. Further, if eiS, 628,..., CnS is a Kupisch series of S satisfying 
d(ei+iS) = 1 + d{eiS) for i < n, then xR ^ CnS. 
Proposition 2.2.21 [29, Lemma 2.6]. If E is of finite periodicity n, and 
Pi, P2, • • •, Pn are first n members of the prime sequence of E, then the ideal 
P„P„_i. . . Pi is not eventually idempotent and the ideal (yi^^Pi is a maximal invert-
ible ideal. 
Proposition 2.2.22 [29, Theorem 2.7]. Let M be a non-faithful simple mod-
ule over a boimded (/inp)—ring R with enough invertible ideals. If the cycle of prime 
ideals to which P = ann (M) belongs, is of length n, then the injective hull E{M) 
of M is of periodicity n, and the members of the cycle to which P belongs constitute 
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the totality of distinct prime ideals associated with E{M). 
Proof: Now E = E{M) is not completely faithful, we show that £; is of finite 
periodicity. On the contrary let E be of zero periodicity . Then P is an idempotent 
maximal ideal. Let (P = Pi, Pa, • • • , Pn) be the cycle to which P belongs. Then 
X = ritPj is a maximal invertible ideal. On similar Unes as in Prop. 2.2.21, for 
some large enough k, R/X'' admits a uniserial modiile N of length > n, and N 
has repeated composition factors. Hence E(N) is of finite periodicity. Further the 
prime ideals associated with E{N) are among P / s (1 < z < n), they constitute 
a cycle. Consequently P is also a prime ideal associated with E{N). This shows 
that E(N) is of periodicity n and is equivalent to E{M) i.e., E{N) and E{M) have 
submodules F and F' respectively such that F ^ E{N) and E(N)/F ^ E{M)/F'. 
Hence E{M) is also of periodicity n and the prime ideals associated with B{M), 
being same as with E{N), constitute a cycle. 
Proposition 2.2.23 [29, Theorem 2.8](Periodicity Theorem). HE is an 
indecomposable injective torsion module over a bounded (/inp)—ring R with enough 
invertible ideals and if £? is not completely faithful, then E is of finite periodicity n 
; the distinct prime ideals associated with E are members of a cycle of prime ideals 
in R and their intersection is a maximal invertible ideal. 
Proposition 2.2.24 [29, Corollary 2.9]. Any indecomposable injective tor-
sion over a bounded (/inp)—ring is of finite periodicity. 
Proposition 2.2.25 [29, Corollary 2.10]. Let E be an indecomposable in-
jective torsion /^-module, which is not completely faithful. If the periodicity of E 
is n and (Pi, Pa , . . . , Pn,...) is the prime sequence of E, then R/P^Pn-i... Pi is a 
generaUzed uniserial ring with homogeneous socle. 
Definition 2.2.12. Any torsion P-module M having no completely faithful 
submodule is said to be a primary module if for every pair of uniform elements 
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X, yeM, E{xR) and E{yR) axe eqmvalent. 
Proposition 2.2.26 [29, Lemma 2.11]. Let M be a torsion R-module hav-
ing no completely faithful submodule. Then M is primary i?—module if and only if 
there exists a maximal invertible ideal X such that for each x £ M, xX*(^ ^ = 0 for 
some t{x) > 1. 
Proposition 2.2.27 [15, Prop. 16]. Let JV be a submodule of a torsion 
module M over a bounded (hnp)—ring R and E be divisible hull of M and D be 
divisible hull of N in E, then the set of complements of TV in M is the set of inter-
section of M with complementary summand oi D in E. 
Proposition 2.2.28 [15, Prop. 17]. If M is a torsion module over a bounded 
{hnpj-iing R and N C M^ ^ Q then for any complement T oi N m M, M/T is 
divisible. 
Proposition 2.2.29 [15, Theorem 18]. If M is a torsion module over a 
bounded (/inp)-ring R and N, T are high submodules of M. If A'^  is a direct sum 
of cyclic modules then T is also direct sum of cycUc modiiles and T = N. 
Definition 2.2.13. If M is a torsion module over a bounded (/inp)—ring R then 
M is called ^ —module if all of its high submodules are direct sum of cycUc modules. 
Proposition 2.2.30 [15, Theorem 19]. If M is a torsion modulo over a 
bounded (hnp)-nng R then the following hold: 
(i) M contains a X) -submodule T such that TnHn{M) = Hn{T) and T^ = M^. 
{ii) If M is a 51 -module then any submodule T with T^ = T n MMs also 
Yl —module. 
{Hi) If M is a X) -module and T is a submodule of M such that T n Hn{M) = 
Hn{T), then T is a Xl -module. 
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Proposition 2.2.31 [15, Prop. 20]. If Af is a torsion module over a bounded 
(/inp)-ring R and M^ ^Q. UN and T are high submodules of M then the following 
hold: 
(i) iffc(r) is a high submodule of Hk{M) for all fc > 0. 
(ii) Soc{Hk{{T e M^)/M^)) = Soc{Hk{{N e M^)/M^)), fc > 0. 
(m) M/iV is divisible hull of (M^ 0 N)/N. 
(iv) M/N ^ Af/r. 
(v) M = N + Hk{M) for aU fc > 0. 
[vi) HkiM)/Hk+niM) ^ HkiN)/Hk+n{N) for all n, fc > 0. 
(vii) M/Hk{N) = N/Hk{N)eHk{M)/HkiN\ fc > 0. 
Proposition 2.2.32 [15, Corollary 21]. If M is a torsion module over 
a bounded {/inp)-ring R then M is a ^ -module if and only if Hk{M) is a 
52 —module for fc > 0. 
Proof: If Af is a X)-module then by Prop. 2.2.30, HkiM) is a ^-module . 
Conversely Suppose Hie{M) is a X) —modiile. Let N be any high submodule of M 
then HkiN) is a high submodule of Hk{M), by Prop. 2.2.31. Hence Hk{N) is a 
direct sum of cycUc modules. Appealing to [27, Theorem 2.2.13] we get N to be 
direct sum of cycUc modules and so by Prop. 2.2.29, the assertion follows. 
Proposition 2.2.33 [15, Corollary 22]. If M is a torsion module over a 
bounded (hnp)—ring R and iV is a submodule such that N D Hk{M) then N is a 
Y^ —module provided M is aJ2 —module. 
Proposition 2.2.34 [15, Prop. 23]. If Af is a reduced torsion module over 
a bounded {hnp)~vmg R and Af^  ^ 0. If AT is a high submodule of M then the 
following hold: 
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(i) N®M^ <M 
{ii) N can not be bounded. 
Proof: (i) If iV ® M^ = M then as M/N is divisible we get M^ to be divisible 
hence M^ = 0 a contradiction. Here N ®M^ < M. 
{a) UN is bounded then by [30, Theorem 3] and Prop. 4.2.10, we get M = AT® /f 
but M/N is divisible and M is reduced this will yield M = N a contradiction. 
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CHAPTER - 3 
h-NEAT SUBMODULES OF QTAG-MODULES 
§ 3.1. Introduction 
The concept of a. QTAG—mod\ile was introduced by S. Singh [31]. The structure 
theory of such modules has been developed on similar Unes as that of torsion abelian 
groups. He also obtained some useful decomposition theorems for this module. M. 
Zubair Khan [12] generalize some results of neat subgroups of abeUan groups for 
a special type of module, which has been extended for QT"AG—modules. L. Puchs 
[11] posed the problem "Which are those subgroups of a divisible group G that can 
be represented as intersections of divisible subgroups of G?". B. Charles [1] and 
S. A. Khabbaz [32] gave some solutions to the above problem. Here we got some 
solutions to the above problem for QT AG—module and obtain some useful charac-
terization. We have shown that the h-neat submodules and complement submodules 
of a QT AG—module M coincide [Prop. 3.3.3]. A necessary and sufficient condition 
has been obtained for a submodule of M to be h-neat submodule [Prop. 3.3.2]. We 
have also discussed the generalization of Rivalry theorem [8] [Prop. 3.3.4] for the 
QTAG-module. 
§ 3.2. Definition and properties of QTAG-module 
Definition 3.2.1. Let R be an associative ring with identity 1 7«^  0, then 
an unital right i?-module M is called a QTAG-module if it satisfy the following 
condition ; 
(/) Every finitely generated submodule of every homomorphic image of M is a 
direct sum of uniserial modules. 
Proposition 3.2.1 [13, Lemma A]. If A and B are any two uniserial submod-
ules of a QTAG-module M such that AnB 7^  0 and d{A) < d{B) then there exists 
a monomorphism a : A-¥ B which is identity on An B. 
Proof: As d{A) < d{B), A + B = B®C. Now the restriction of the projection 
p: B®C—>B, to Ais& desired map. 
Definition 3.2.2. An uniform element y € M is called predecessor of an uniform 
element a; € M if xR is a maximal submodule of yR. 
Proposition 3.2.2 [13, Lemma 1]. If Af is a QTAG-modvUe, then the fol-
lowing holds ; 
(i) For any imiform elements x and y in Af with x G yR, d{yR/xR) — m if and 
only if Hm{yR) = xR. 
(ii) If X and y are predecessors of a uniform element z, then there is an isomorphism 
a : xR -¥ yR such that (7 is an identity on zR. 
(Hi) For any imiform elements x and y in M, x — y G Soc{M) if and only if 
HiixR) = Hi(yR). 
Proof: (i) is trivial and {ii) is an immediate consequence of Prop. 3.2.1. For 
(Hi), if X -y e Soc{M), then Hi{xR) = Hi{yR) is evident. Now let Hi(xR) = 
Hi{yR) = zR, then x and y are predecessors of z. Hence there is an isomor-
phism f : xR -¥ yR such that / is the identity on zR and f{x) = y. Hence the 
map g : xR -^ [x — f{x))R given as xr -> (x - / (x))r is an epimorphism with 
zR C ker g. Hence e(x — y) < 1 and we get x — y G Soc{M). 
Proposition 3.2.3 [13, Prop. 2]. If AT is a submodule of a QTAG- module 
M and n is any positive integer, then Soc{Hn{M)) C A^  implies Hn{M) C N if and 
only if for any imiform element x S Nn Hn{N) and y ^ N, where y is predecessor 
of X in Hn-i{M) there exists a uniform element z e M such that e(z) — n and 
Soc(zR) % N. 
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Proof: Let Soc{Hn{M)) C N such that Hn{M) ^ N. Let t be a uniform ele-
ment in H„{M) of smallest exponent such that t^N, then we can find a submodule 
uR C tR such that d{tR/uR) = 1, then u G TV n Hn+i{M). Hence by the given 
condition there is a uniform element z e M, e(z) = n + 1 and Soc{zR) % N. 
But d{zR/Soc{zR)) = n. Therefore, 5oc(//„(M)) % N, a. contradiction. Hence 
Hn{M) C N. For the converse, suppose there dose not exist any uniform element 
zeM such that e(z) = n and Soc{zR) % N. IVivially Soc(H„-i(M)) C N for oth-
erwise we can find a imiform element y £ M such that e(y) = n and Soc{yR) % N. 
Hence Hn-i{M) C N. Hence every predecessor of x G AT n Hn{M) in /f„_i(M) will 
be an element of N, which is again a contradiction. Hence the result follows. 
§ 3.3. h-neat submodules 
Definition 3.3.1. If M is a QTAG—module, then a submodule N of M is called 
h-neat if and only i{Hi{N) = Nn Hx{M). 
Proposition 3.3.1 [12, Lemma 1]. If M is a QTAG-xnodvXe and A^  is an 
h-neat submodule of M with same socle then N = M. 
Proof: We do this by induction. Let every uniform element of M of exponent n 
belong to N. Suppose a; is a imiform element in M with e(x) = n + l, then we can 
get a submodule zR C xR such that d{xR/zR) = 1. By induction z G N, hence 
by h-neatness of N there exists a uniform element u e N such that z e uR and 
d{uR/zR) = 1. Hence by Prop. 3.2.1, we get an isomorphism f : xR -^ uR which 
is an identity on zR and can be chosen BS xr <-^ ur. Define g : xR -> {x - f{x))R 
given a&XT -¥{x- f{x))r. Then ^ is an i?-epimorphism with zR C ker g. Hence 
e(x - f{x)) < d(xR/zR) = 1 so x - f{x) e N and we get x e N. Therefore by 
induction we get N = M. 
Proposition 3.3.2 [12, Theorem 3]. If M is a QTAG-module. A submodule 
N oi M ]s h-neat if and only if it has no proper essential extension. 
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Proof: Let N be h-neat and T be an essential extension of N then Soc{N) ^ 
Soc{T) and by Prop. 3.3.1, N = T. Conversely suppose N has no proper essential 
extension and let Hi{M) H N ^ Hi{N). Let x he a. luiiform element in Hi{M) D TV 
such that X ^  Hi{N). Hence there exists a uniform element y E M such that x EyR 
and d(yR/xR) = 1 and y ^ N. Let T = N + yR then N < T. Let £ be a nonzero 
xmiform element in T then t = u + yr for some uE N, r E R.li yrR < yR then as 
yR is totally ordered either yrR < xR or xR < yrR but d{yR/xR) = 1 and N has 
no proper essential extension, hence none is possible and we get yrR = yR. Now 
without any loss of generality we can assume that t = u + y. Define f : yR -^ uR 
given zs yr -¥ ur then as N has no proper essential extension it is easy to check 
that / is a well-defined onto homomorphism. Hence u is uniform. Now x = yro 
for some r^ E R and tr^ — WTQ + yrQ. Now it is easy to see that trQ = 0. Hence 
x = yro = - WTQ. 
Now we assert that ur^R < uR. Let WTQR — uR then u = uror' for some r' E R 
and we get t = yri for some ri E R. Obviously tR < yR and again either xR C tR 
or tR C xR but none is possible. Hence ur^R < uR and we get x E Hi{N). Hence 
N is h-neat. 
Proposition 3.3.3 [12, Corollary 4]. If M is a QTAG-moduie then h-neat 
submodules of M coincide with complement submodules. Further if N and K are 
complement submodules and K isa. complement of N then AT is a complement of K. 
Proposition 3.3.4 [12, Theorem 5]. If M is a QT^lG'-moduIe and A^ , K 
are submodules of M, then K is a. complement of N if and only ii N r\ K = 0, K is 
h-neat and K ® N is essential in M. 
Proof: If K is complement of N then by Prop. 3.3.3, the assertion follows. 
Conversely suppose K is h-neat, N nK = 0 and K ® N is essential in M then 
Soc{N) e Soc{K) = Soc{M). We embed K into a complement Q oi N then 
Soc(iV) © Soc{Q) = Soc{M). Hence Soc{K) = Soc{Q) and by Prop. 3.3.1, K = Q 
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and the assertion follows. 
Proposition 3.3.5 [12, Theorem 7]. If M is a QT AG-module and T is a 
submodule of M with same socle then a submodule N is h-neat in T if and only if 
N = TnK where K is h-neat submodule of M. 
Proof: Let N = Tr\K and x be a uniform element in NnHi(T) then there exists 
a uniform element y ET such that x EyR and d(yR/xR) = 1. Asx E K and K is fa-
neat in M there exists a uniform element z e K such that x & zR and d{zR/xR) — 1. 
Now by Prop. 3.2.1, there exists an isomorphism / : yR -^ zR such that / is iden-
tity on xR and we get e{y - f{y)) < d{yR/xR) = 1, so y - f{y) € Soc{M) = Soc{T) 
and f{y) G T. Therefore f(y) eN andxe Hi{N) which yields N to be h-neat in T. 
Conversely let N be h-neat in T. Let A be h-neat hull of N in M then N CTnA 
and trivially 5oc(r n .4) = Soc(N) so by Prop. 3.3.1, N = TnA. 
Proposition 3.3.6 [15, Prop. 4]. If M is a QTAG—module and AT is a sub-
module of M then any complement T of N is h-neat. 
Proof: Let x be a iiniform element in T n Hi{M), then there exists a uniform 
element y E M such that x EyR and d{yR/xR) = 1. If y e T then we are done. Let 
y ^T and K = {T+yR)nN. Then K ^0 and so for some non-zero uniform element 
uE N we have u = t + yr, t ET, r E R . AS yR is totally ordered either yrR C xR 
or xR C yrR. If yrR C xR then yr ET and so UETHN, a contradiction, therefore 
xR C yrR. Now as yR/xR is a simple module, yri? = yR and hence without any 
loss we can assume u = t + y. Since x G yi?, x = yro for some ro G /?, hence using 
TTlTV = 0 we get X = yro = - trQ. Consider the map f lyR-^tR given asyr -^tR 
then as NnT = 0, / i s a well defined onto homomorphism. Hence tR is uniform. 
Now we assert that troR ^ tR. Suppose troR = tR then t E yR and hence u = yc 
for some CER. NOW it is easy to see that uR < yR. Again as yi? is totally ordered 
either xR C uR or uR C xR, but d{yR/xR) = 1 and TV D T = 0, therefore none is 
possible. Consequently tR > troR and d{tR/xR) > 1 which gives x G i?i(T). So T 
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is h-neat in M. 
Proposition 3.3.7 [15, Prop. 5]. If A/ is a QTAG-modu\e and A^  is a h-neat 
submodule of M such that Soc{N) e Soc{T) = Soc{M) then iV is a complement 
ofT. 
Proof: TVivially N OT = 0. We embed N into a complement K of T. Then 
K®T is an essential submodule of M and hence Soc(K) ® Soc(T) = Soc(M). 
Therefore Soc{K) = Soc{N) and by Prop. 3.3.1, N = K. Hence N is a complement 
ofT. 
Proposition 3.3.8 [15, Theorem 6]. If M is a QTAG-module such that M 
is essential in a module E. If iV is a submodule of M such that N C D C. E and A^  
is essential in D, then the set of complements oi N in M is the set of intersection 
of M with complements of D in E. 
Proof: Let A be a complement oi D in E then A® D is essential in E and 
hence Soc{A) ® Soc{D) = Soc{E). Let T = An M, then trivially Soc{M) = 
Soc{T) © Soc{N). We prove that T is h-neat in M. Let a; be a uniform element 
in T n Hi(M), then there exists a imiform element y E M such that x e yR and 
d{yR/xR) = 1. Since by Prop. 3.3.6, A is h-neat, there exists a imiform element 
z E A sudi that d{zR/xR) = 1. Hence by Prop. 3.2.1, there exists an isomorphism 
/ : yR -¥ zR, such that / is the identity on xR. The map g : yR —> (y — f{y))R is 
trivially an i?-epimorphism with xR C ker g. Hence e(y - f{y)) < d{yR/xR) = 1 
and y - f{y) € Soc{M). Consequently f{y) 6 M and we get T to be h-neat in M. 
Now by Prop. 3.3.7, T is a complement of N. Conversely let B be a complement of 
N inM then {Br\D)r\N = Q, hence B n £> = 0. We embed B into a complement 
C of D in E. Then B C CnM but (anM)niV = CnTV = 0 and we get B = CnM. 
Proposition 3.3.9 [15, Corollary 10], If M is a QTAG-modvle then every 
complement of Hk{M) is a direct smnmand of M. 
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Proposition 3.3.10 [15, Prop. 13]. If M is a QTAG-module and N C 
M^ ^ 0 then for any complement T of iV in M, M/T is direct sum of infinite length 
uniform submodules. 
Proof: If every imiform element of Soc{M/T) is of infinite height then by 
[30, Theorem 4] the assertion follows. If it is not so, then by [30, Theorem 5] 
M/T = L/T © K/T, where L/T is of finite length. Hence {M/Kf = 0 and we get 
M^CiC, soO = r n A r = (L ("!/<') niV" = LniV which is a contradiction. Hence 
the assertion follows. 
Proposition 3.3.11 [15, Lemma 14]. If AT is a submodule of a QTAG- mod-
ule M andTi, Tj are complements of TV then Soc{{Ti®N)/N) = Soc{{T2®N)/N). 
Proof: For any uniform element x 6 Ti we assert that e{x) = 1 if and only 
if e{x) = 1 where x = x + iV. If e(x) = 1, then trivially e(x) = 1. Let e(x) = 1 
and e(x) > 1 then there exists a submodule yR C xR such that d{xR/yR) = 1. 
Trivially y ^ N and so d{xR/yR) = 1 which gives e(x) > 1, a contradiction 
and hence the assertion follows. Let x be a uniform element in Soc{{Ti ® N/N)) 
then by above argument x can be taken to be a uniform element in S'oc(Ti). As 
Soc{T2) ® Soc{N) = Soc{M), we get x G Soc{T2) ® Soc{N) and consequently 
X e Soc{(T2 ® N)/N). Similarly the other inclusion follows. 
§ 3.4. Intersection of h-neat submodules 
The Notation N = DM stands for the phrase " N is an intersection of h-neat sub-
modules of M." 
Proposition 3.4.1 [23, Lemma 1]. If M is a QTAG-module and N is a 
submodule of M then N = DM if and only if for every x € M with x ^ N there 
exist an h-neat submodule K oi M such that N C. K and x ^ K. 
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Proposition 3.4.2 [23, Lemma 2]. If M is a QTAG-modviie and A^  is a 
submodule of M then JV = HM if and only if for every uniform element x G. M with 
d{xR/xRr\N) = 1 there exists an h-neat submodule K oi M such that N C K but 
x^K. 
Proof: Suppose N = HM and x is a uniform element of M with d{xR/xRr\N) = 
1, then trivially x ^ N and so by Prop. 3.4.1, there exists an h-neat submodule 
K oi M such that N C K and x ^ K. Let y be a imiform element of M. If 
yRnN = 0. Then we can get an h-neat submodule K D N such that y ^ K. Let 
yRHN^Q, then d{yR/yRnN)>l. Let Soc{yR/yRDiV) = zR/yRD A^ . Since 
yRON = zRnN, so d{zR/zRON) = 1 and we get an h-neat submodule K of M 
such that N CK aad z^K. TVivially y^K. 
Proposition 3.4.3 [23, Prop. 3]. If M is a QTAG-module and iV is a 
submodule of M such that N = DM then for every uniform element x € M with 
d{xR/xR r\ N) = 1 there exists a simple submodule zR of M such that zR ^ A'^  
and either zRr\xR = xR or zRr\xR = 0. 
Proof: If d{xR) = 1 then xR is the desired simple submodule zR. Now suf>-
pose d(xR) > 1 and d{xR/xR D N) = 1 then by Prop. 3.4.2, there exists an 
h-neat submodule K oi M such that N C K and x ^ K. Let yR = xRnN then 
y e N C K. Hence by h-neatness of K there exists an uniform element y' e K such 
that d{y'R/yR) = 1. Now using Prop. 3.2.1 we get an isomorphism f : xR -^ y'R 
which is identity on yR. The map g:xR^{x — f{x))R is trivially an epimorphism 
with yR C ker g. Hence e{x - f{x)) < 1. Hence zR = {x - f{x))R is a non zero 
simple submodule of M. Now we show that xRnzR = 0. Let xROzR^ Q then 
xRnzR = zR and we get z = x - /(x) = xr for some r G R. Now either xri? C yi? 
or yR < xrR. It is trivial to see that none of these is possible. Hence xRr\zR = 0. 
Now we prove the converse of the above Prop. 3.4.3 with lesser condition 
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Proposition 3.4.4 [23, Prop, 4]. If AT is a submodule of a QTAG- module 
M such that for every uniform element x € M with d{xR/xR nN) = 1 there exists 
a simple submodule zRCM such that zR<^N then N = r\M-
Proof: Let yR = xRnN then d{xR/yR) = l.liyeHi{N) then d{tR/yR) = 1 
for some xmiform element t & N. Hence as done in the above result e(x — f{x)) = 1, 
where / : xR -> tii is an isomorphism. Asx ^ N, x—f(x) ^ iV, so {x—f(x))RnN = 
0. Hence there exists an h-neat submodule K D N such that x — f(x) ^ K and so 
X ^ K. Now suppose y ^ Hi{N) and zi? is a simple submodule of M such that 
zR(;t N. Let N' = N + {x + z)R. Now we show that Soc{N') = Soc{N). Let 
uR be a simple submodule of N', then u = t + (x + z)r, t e T and r e R. Now 
either xr/2 C yi2 or yR < xrR. If xrR C yi? then xr G iV. Now if uRHzR^ 0, 
then ui2 n zi? = uiE = zi? but as t + xr G AT, hence zRn N ^ 0, which is a 
contradiction. Therefore, uRHzR = 0. Now if yR < xrR, then xrR = xR. As 
yi? is a maximal submodule of xR, we have yR = Hi{xR). Since t + xr G Soc{M), 
using condition (I) we get (t + xr)i? = ®Y^tiR, where iii? are uniserial mod-
ules of length 1. Hence t + xr = loi + 102 + • • • + Wg, where Wi G tjil, which 
yields tR C iwiiZ + i(;2i2 + • • • + xrR and we get Hi{tR) C Hi{xrR). Similarly 
ifi(xri?) C Hi{tR). Hence /fi(fH) = i7i(xri2) = Hi{xR) = yi2. So y G Hi{N) 
which is a contradiction. Hence uR C Soc{N). Now if uRH zR ^ 0, then 
wiZDzi? = uR = zR but zil 2 i\r. Therefore this is not possible. Hence uRHzR — 0 
Therefore in each case we get zRr\Soc{N') = 0. Hence zRDN' = 0. Now let K be 
an h-neat hull of N', then N QK and x ^ iC for otherwise z G Soc{K) = Soc{N'). 
Hence by Prop. 3.4.2, N = 0^ . 
Now combining Prop. 3.4.3 and 3.4.4, we get the following characterization. 
Proposition 3.4.5 [23, Theorem 5]. If iV is a submodule of a QTAG-
module M then N = (IM if and only if for every uniform element x G M with 
d{xR/xR n AT) = 1 there exists a simple submodule zRC M such that zR% N. 
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As an application of the above proposition we prove the following results. 
Proposition 3.4.6 [23, Prop. 6]. Let M be a QT AG-module and N, K 
be submodules of M such that N C K and Soc{N) = Soc{K). If AT = DM then 
Proof: Let x be a uniform element of M with d{xR/xR H K) = 1. As 
Soc{N) = Soc{K)y xRnN j^O. UxRDN = xRnK then there exists a simple 
submodule zR C. M such that zR % K. Hence by Prop. 3.4.5, K — V^M- Let 
xR^N <xRV\K and Sod^xRjxRHN) = yR/xRDN then yRnN = xRnN. 
Hence d{yR/yRnN) = 1. Since A^  = DA/ we can find a simple submodule zRC M 
such that zR % N. Since Soc{N) = Soc{K), zR % K. Therefore again by Prop. 
3.4.5, K = riM-
Proposition 3.4.7 [23, Prop. 7]. If A/^  is a proper submodule oia.QTAG—XQ.odvXe 
M then AT = DM if and only if Soc{N) ^ Soc{M). 
Proof: Since M/N ^ 0 we can find a simple submodule xR of M/N, then triv-
ially d{xR/xR r\N) — \. As N = n^ , there exists a simple submodule zR C M 
such that zR % N. Hence Soc{M) i^ Soc{N). The converse is trivial. 
Proposition 3.4.8 [23, Corollary 8]. If M is a QrAG-module and N, K are 
submodules of M such that N <Z K. U K = HM then N is also HM-
Proposition 3.4.9 [23, Corollary 9]. If M is a QTAG~modu\e and A/^  is a 
submodule of M then N is DM if and only if there exists a non-zero submodule K 
of M such that NnK = 0. 
Proof: If for some non-zero submodule K oi M, N n K = 0 then Soc{N) ^ 
Soc{M). Hence by Prop. 3.4.7, A^  is HM- Conversely suppose A^  is n ^ and for 
every non-zero submodule AT of Af, NHK ^0 then N is an essential submodule 
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of M. Hence Soc(N) = Soc{M) and we get N ^ HM-
Proposition 3.4.10 [23, Corollary 10]. If M is a QTAG-modvle and iV is 
a submodule of M such that Soc{N) = Soc(Ni) ® Soc{N2) for some submodules Ni 
and N2oiN. Then N = HM if and only if Ni and iV2 are nif^  for some submodules 
KiOiM, i = l,2. 
Proof: TVivially JVi n7V2 = 0 then Ni and N2 can be embedded into submodules 
Ki and /^ 2 which are complements of Ni and N2 respectively. Hence Soc{M) — 
Soc{Ki)®Soc{N2) and Soc{M) = Soc{K2)®Soc{Ni). 'Lrivially Soc{N) 7^  5oc(M) 
if and only if Soc{Ni) ^ Soc{K{) and 5oc(^2) ^ Soc{K2). Hence by Prop. 3.4.7, 
the result follows. 
Proposition 3.4.11 [20, Prop. 3.3]. If M is a QTAG-module and N, K are 
submodules of M with N C K then the following are equivalent. 
(i) K is h-neat in M and Soc{N) = Soc{K). 
(ii) K is minimal h-n^t submodule of M containing N. 
{Hi) K is maximal with respect to the property that K D N and Soc{K) = Soc{N). 
Proof: (i) =>• (ii) .UK is not minimal then there exists a submodule K' of M 
such that N CK' CK mdK' is h-neat in M. As Soc{K') = Soc{K). Therefore 
by Prop. 3.3.1, K = K'. 
(ii) =>. (Hi) : Suppose K does not satisfy (Hi) then there exists a submodule T of 
M such thaiTDKDN and 5oc(T) = 5oc(iV). Then Soc(K) = Soc(T) and again 
by Prop. Z.Z.l,K = T. 
(Hi) = > (i) .UK is not h-neat then by Prop. 3.3.2, K will have a proper essential 
extension T in M. Hence Soc(K) = Soc(T) = Soc(N), which contradicts the max-
imality of K. Hence /^ is h-neat in M with Soc(K) = Soc(N). 
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CHAPTER - 4 
h-PURE SUBMODULES OF QTAG-MODULES 
§ 4.1. Introduction 
The notion of pure subgroups has recently become one of the basic tools in the 
theory of abelian groups. Therefore, a number of Mathematicians felt the need of 
generalizing this concept for modules. H. Marubayashi did this job for modules over 
bounded dedekind prime rings. Analogously S. Singh [30] generaHzed the concept 
of p\n:e subgroup for a module satisfying some restricted conditions. The purpose of 
this chapter is to develop the study of h-pure submodule of QTAG—modnle and gen-
eralizing some of the concepts results of J. Irwin, KhaUd Bin Abdullah and P. Hill. 
We introduced the concept of high submodules of QT AG—module and cobounded 
submodules and proved that high submodules are always h-pure [Prop. 4.2.10]. Fur-
ther we obtain some characterizations of the same. The generalization of Erdeyli's 
theorem for primary groups [Prop. 4.3.4] has also been given. 
§ 4.2. h-pure submodules 
Definition 4.2.1. If M is a QTAG~mod\Ae, then a submodule JV of M is called 
h-pure if and only if Hk{N) = Nn Hk{M) for all k>0. 
Proposition 4.2.1 [14, Prop. Ij. If N is h-pure submodule of a QTAG-
module M such that Soc{M) = T e Soc{N). Then the following hold: 
(i) Soc{M/N) = {T® N)/N 
{a) For every submodule H of M with Soc(H) = Soc{N), HM/N{X + N) < 
HM/H{X + H) where x is uniform in T. 
Proof: (i) It is evident that {T®N)/N C Soc{M/N). Let x be an uniform 
element in Soc(M/N). Then by [30, Lemma 2] there is an uniform element x' e M 
such that e{x) = e{x') and x = z'. Now asx-x' e N and x' G Soc{M) the assertion 
follows. 
(ii) Let X' be a uniform with x 6 T and x = x+AT. Let HM/N{X) = n then there exists 
a uniform element y G M/N such that d{yR/xR) = n, so e(y) = n + 1 and by [30, 
Lemma 2] there esdsts a imiform element y" £ M such that y = y' and e(y') = rH-1. 
Let zil = Sod(}/R) then trivially z ^ N, Soc{yR/zR) = n. As yiZ is totally ordered 
xR = zRt consequently x — ^r G A^  for some r E R but x, zr € 5oc(M) so we 
get X - zr € Soc{N) = Soc{H) and x + H = zr + H. Evidently zr ^ H. Since 
zri2 = zfl and d{y'R/zR) = n, we get d{y'R/zrR) = d{y'R/xR) = n in A<f///. 
Hence ifAr/N(a: + iV) < ffM/nCx + H). 
Proposition 4.2.2 [14, Theorem 1]. Let AT be a h-pure submodule of a 
^TylG-module M, H he a. submodule of N containing Soc{N). Let Soc{M) = 
T®Soc{H) with (T®H)/H = Soc(K/H) where K/H is h-pure submodule of M/H 
which is direct sum of cycUc modules. Then iV is a summand of M and M/N is 
direct smn of cyclic modules. 
Proposition 4.2.3 [14, Theorem 2]. If iV is h-pure submodule of a QTAG-module 
M such that M/S, where 5 is a submodule of N generated by uniform element of 
exponent at most n for some positive integer n, is direct sum of cyclic modules then 
M is direct sum of cycUc modules. 
Proposition 4.2.4 [14, Prop. 2]. If M is a QT AG-module and N is h-pure 
submodule of M with same socle then N = M. 
Proof: Suppose every uniform element x e M with e(x) = n is in N. Let y be a 
uniform element in M such that e(y) = n + l, put zR = Soc{yR), then by h-purity 
of N there exists an uniform element u€ N such that z EuR and d{uR/zR) — n. 
Hence by Prop. 3.2.1, there is an isomorphism f : yR ^ uR, yr <-> ur and / is 
an identity on zR. Define g : yR-^ (y - f{y))R such that yr -^ {y - f{y))r then 
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^ is an i?-epimorphism with zR C ker g. Hence e{y - f{y)) < d{yR/zR) = n. 
Therefore y - f{y) G N and the assertion follows. 
Proposition 4.2.5 [14, Lerama 2]. If iV is h-pure submodule of a QTAG-
module M such that Soc{Hk{M)) C N for some non-negative integer k, then 
HkiM) C N. 
Proof: By h-purity of N we get Soc{Hk{M)) C Hk{N). As Hk{N) is h-pure in 
Hk{M), so by Prop. 4.2.4, Hk{M) C N. 
Proposition 4.2.6 [14, Lemma 3]. If K is h-pure submodule of a QTAG-
module M then Soc{Hn{M/K)) = {Soc{Hn{M)) + K)/K. 
Proof: {Soc(Hn{M)) + K)/K C Soc{Hn{M/K)) is straight forward. Let x be 
a uniform element in Soc(Hn{M/K)), then there is a uniform element y e M/K 
such that i € yR and d{yR/xR) = n. By [30, Lenuna 2] there exists an uniform 
element %/ ^M such that e(y') = e(y) and y' = y, so we can find yi e yil such that 
d{yR/yiR) = n. TVivially yi^K and so d{y'R/yiR) — n. But yi? is totally ordered, 
therefore yiR = xi? and x = yir for some r E R. Hence x € (5oc(i/n(M)) + K)/K 
as yi G Hn{M). Therefore the assertion follows. 
Proposition 4.2.7 [14, Theorem 3]. If M is a QTAG-module such that 
M/N is direct sum of cycUc modules for some submodule N oi M. Let K be an 
h-pure submodule of M such that Soc{Hn{K)) C N C. K iar some n. Then M/K 
is direct sum of cyclic modules and /iT is a direct smnmand of M. 
Proof: Let / be onto homomorphism M/N -> M/K then trivially / maps 
{Soc{Hn{M))+N)/N onto {Soc{Hr,{M))+K)/K. For any uniform x G Soc{HniM)), 
HM/K{X + K)>n. Letx = x + K and HM/K(X) = I, then I > n. Now as in Prop. 
4.2.1, d{yR/xR) = / for some uniform element y E M/K. Hence again by (30, 
Lemma 2] there is a uniform element y* ^ M such that e(y') = e(y) = 1 + 1 
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and y* = y. Let zR = Socii/R) then z € Soc{Hi{M)) C Soc{Hn{M)) and 
d{y'R/zR) = 1, x-zreKfoT some r e R. But ff is h-pure, x-zr e Soc{Hn(K)) C 
AT, consequently x + N = zr + N md d{yfR/zrR) = d{y'R/xR) = I in M/N. 
Therefore HM/N{X + N) > I. Obviously HM/N{X + K) < HM/N{X + N) and so 
H\f/N(x + N) = HM/K{X + K). Appealing to Prop. 1.2.11 and above argument of 
height preservation we get {Soc{Hn{M)) + K)/K as direct sum of cycUc modules. 
By Prop. 4.2.6, Soc{Hn{M/K)) is direct smn of cycUc modules. Therefore M/K is 
direct sum of cycUc modules. Hence by Prop. 2.2.12, which is true for our module, 
we get K, a direct summand of M. 
Proposition 4.2.8 [16, Lemma 1]. If Af is a QTAG-module, N is a. sub-
module of M and for every uniform element x G Soc{N), Hf4{x) — HM{X). Then 
N is h-pure submodule of M. 
Proof: We prove this by induction. Let y be a imiform element of N such 
that if e{y) = n then HN{y) = HM{y)- Let x be a uniform element of N with 
e{x) = n + 1 and HM(X) = k. There is a imiform element t e M such that x €tR 
and d{tR/xR) = k. Choose zExR such that d{xR/zR) = 1 then d{tR/zR) = it + 1 . 
Hence by supposition there exists a uniform element u E N such that z E uR and 
d{uR/zR) = k + 1. Let u'R/zR = Soc{uR/zR), then by the Prop. 3.2.1, there 
exists an isomorphism / : xR —^ u'R which is identity on zR. Now the map 
g : xR -^ {x - f{x))R given as xr -> (x - / (x))r is an i2-epimorphism with 
zR C ker g ; so e(x - /(x)) < d{xR/zR) = 1 and we get x - / (x) = ui with 
ui E soc{N). TVivially ui E Hk{M). Hence by hypothesis Ui E Hk{N), consequently 
X E Hk{N). Therefore by induction the proposition follows. 
Proposition 4.2.9 [16, Prop. 2]. If M is a QTAG-modiAe and M = MiSMz 
and JV is a submodule such that Soc{N) C 5'oc(Mi) then any projection TT of M 
onto Ml restricted on AT is an isomorphism and n(N) is h-pure submodule of M 
provided N is h-pure in M. 
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Proof: Let x be a uniform element of N and zR — Soc{xR) then z - xr for 
some r €. R and 7r(z) = 7r(x)r but n{z) = z, hence z = 7r(x)r consequently 7r(a;) ^ 0 
and therefore TT, restricted on iV, is an isomorphism. Now for h-purity of 7r(A'^ ), let 
X be a imiform element in 5oc(7r(iV)) such that HMix) = n. Then by h-purity of N 
there exists a uniform element y E N such 'that x e yi? and d{yR/xR) = n. Now as 
TT, restricted on iV, is an isomorphism, d{'K{y)R/-n{x)R) = d{ir{y)R/xR) = n. Hence 
by Prop. 4.2.8,7r(JV) is h-pure submodule of M. 
Proposition 4.2.10 [15, Theorem 7]. If M is a QTAG-module and iV is a 
submodule of M such that N C M^ ^ 0. Then any complement T oi N is h-pure 
submodule of M. 
Proof: Appealing to Prop. 3.3.6, we get T n Hi{M) = Hi{T). Now suppose 
Hn{T) = TnHn{M). Then we prove i?n+i(r) =TnHn+i{M). Let x be a uniform 
element in TnHn+i{M) then there exists a uniform element y E M such that x EyR 
and d{yR/xR) = n + 1. Let zR/xR = Soc{yR/xR) then d{yR/zR) = n. U z eT 
then by induction x 6 Hn+iiT) and we get T to be h-pure. Now let 2 ^ T then 
(T+zR)r\N ^Q and so we can find a non-zero imiform element w^t + zrior some 
0 ^ r G il and t e T. As T is a complement of N and zR/xR is simple, zri? = zi? 
and hence without loss of generality we can suppose w = t + z. As x € zR, x = zr' 
for some r' e R,so wr' = tr' + zr', but T D N = 0, x = zr' = - tr' . 
Now we have the following two cases: 
Case 1. Let tr'R < tR, then d{tR/xR) >l. AsN CM^ and z e //„(M) we get 
t G HniM) n r , so X € i/n+i(T) and T is h-pure by mduction. 
Case 2. Let tr'R = </2, then we get t = xa = zr'a for some a e R and 
lu = za', a' G i?. TVivially wR C zi?, as zR is totally ordered either wR C xi? or 
wi? = zR, but on account of NCiT = 0 none is possible. Therefore tr'R ^ tR. 
Hence T is h-pure submodule of M. 
Proposition 4.2.11 [15, Corollary 8]. If M is a QTAG-module and T is a 
high submodule of M then T is h-pure in M. 
36 
Proof: Taking N = M^ in Prop. 4.2.10, we get the result. 
Proposition 4.2.12 [15, Theorem 11]. If M is a QTAG-modvle and N,K 
are h-pure submodules of M with Soc{N) = Soc{K). If M = K®T then M = N®T 
mdN^K. 
Proof: It is trivial to see that /yTnT = 0 and Soc{M) = Soc{K) @ Soc{T) = 
Soc{N) ® Soc{T). Now we apply induction . Suppose every uniform element y e M 
with e(y) = n belongs to N ®T. Since for every projection TT of M onto K and 
uniform element x € M, x = 7r(x) + {/ — 7r)(x) and e{7r(x)) < n, hence for com-
pleting the proof it is sufficient to show that if u is any uniform element of K 
with e(«) = n + 1 then u G iV 0 T. Let zJ? = Soc{uR) then d{uR/zR) = n. 
As Soc{N) = Soc{K), z e N and by h-purity of N, there exists a uniform ele-
ment V e N such that z e vR and d{vR/zR) = n. By the Prop. 3.2.1, there 
exists an isomorphism / : uR -¥ vR such that / is the identity on zR. The map 
g : uR -^ [u — f{u))R is trivially an il—epimorphism with zR C ker g. Therefore 
e{u - f(u)) < d(uR/zR) = n which yields by induction u - f{u) e N ®T and so 
ueN®T. Therefore M = iV ® T and we have N^K. 
Proposition 4.2.13 [15, Lemma 15]. IfiVisasubmoduleofa(5Ti4G'-moduIe 
M with NCM^^Q then for any complement T of iV, {T®N)/N is h-pure in M/N. 
Proof: Let X be a uniform element in ({T ® N)/N) 0 Hk{M/N) then x can be 
chosen to be uniform in T. As N C M^, x ETH Hk{M), hence by Prop. 4.2.10, 
X e Hk{T). Therefore there exists a uniform element y eT such that x e yR and 
d{yR/xR) = k. As x ^ N, d(yR/xR) = fc and so x € Hk{{T ® N)/N). Hence 
(T ® N)/N is h-pure in M/N. 
Proposition 4.2.14 [20, Prop. 2.5]. If M is a QTAG-module such that 
M/K = N/K ® T/K where K is h-pure in N then T is h-pure submodule of M. 
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Proof: Tn /f„(A/) = T n {Hr.{N) + Hn{T)) = //„{T) + {Tn HniN)). Since iiT 
is h-pure in N, TnHn(N) = Hn(K) C Hn{T). Thus TnHn(M) = Hn{T) for every 
n > 0. Hence T is h-ptire in M. 
§ 4.3. Cobounded submodule 
Definition 4.3.1. A submodule ^ of a QTAG-vaodxAQ M is called cobounded 
if M/N is bounded. 
Definition 4.3.2. A submodule Nofa. QTAG-module M is called cobounded 
summand of M if M/iV is boiinded and N is a. summand of M. 
Proposition 4.3.1 [14, Prop. 2]. If Ni and iV2 are submodules of M then 
the following hold. 
(i) If ATi n iVa is h-pure in Ni, then N2 is h-pure in Ni + N2. 
(ii) If Ni -f- N2 is h-pure in M and ATj n iVa is h-pure in ATj then iVa is h-pure in 
M. 
{iii) If Ni + N2is h-pme in M and ATi n ATa is h-pure in M then ATi and N2 are 
h-pure submodules of M. 
(iv) If TVi n iV2 is h-pin-e in Ni + N2 then iVi and N2 are h-pure in Ni + N2. 
Proof: Let T = iVi -I- iVj. Then H^iT) = ifjfc(Ni) + /^ ^^ (iVa) by Prop. 2.2.4, 
Hence Hk{T) D JV2 = ATj n (HkiNi) + HkiNi)) = HkiNi) + iVj D HkiNi). Since 
JVi n iVz is h-pure in JVj, therefore JVg n HkiNi) C iyfc(^ 2 n Ni) C ^^^(A'a). Hence 
iffc(r) nN2 = HkiNz) and TVz is h-pure in A^ i + N2. 
Now (a), (iii) and (iu) immediately follows from (i). 
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Proposition 4.3.2 [14, Corollary 1]. UM = N1+N2 such that M nN2 is 
h-pure in M then Ni and ^2 are h-pure in M. 
Proof: Follows from {iv) of Prop. 4.3.1. 
Proposition 4.3.3 [14, Prop. 4]. If AT is h-pure submodule of M such that 
Soc{Hk{M)) C N then JV is a cobounded summand of M. 
Proposition 4.3.4 [16, Theorem 3]. If M is a QTAG-vaodvle and JV is a 
submodule of M, then N can be embedded in a bounded smnmand of M if and only 
if the heights of the imiform elements of AT in Af are boimded. 
Proof: If AT is embeddable in a bounded summand of M then trivially for every 
imiform element x ^ N, HM{X) < K. For the converse let m = sup {H(x)} for 
every uniform element x e N. Then trivially N (1 Hm+i(M) = 0. Now we embed 
N into a complement K of Hm+iiM). Obviously K is boimded. Now we prove 
that K n Hn{M) = Hn{K) for all n > 0. The result is trivially true for n = 0 and 
n> m + 1. Now let 0 < n < m and K D Hn{M) — Hn(K). Now we prove that 
K n Hn+i{M) = Hn+i{K). Suppose x is a imiform element in K H H„+i{M), then 
there exists a imiform element y € M. Such that x £ yR and d{yR/xR) = n + 1. 
Let zR/xR = Soc{yR/xR) then d{yR/zR) = n. li z e K then by supposition 
z € Hn{K) and hence x e Hn+i(K) and we get the assertion. Let z ^ K then 
{K + zR) n Hm+i{M) ^ 0. Hence for some uniform element u e i/m+i(M) we have 
ti = t + zr where t e K, r e R. As zR is totally ordered either zrR C xR or 
xR < zrR but due to simphcity of zR/xR and K D Hm+i(M) = 0, none is possible, 
consequently zrR = zR. Hence without any loss of generality we can assume u = 
t + z. Now define f : zR-^tR given as zr -^ tr then as KnHm+\{M) = 0 it is easy 
to see that / is well defined onto homomorphism. Hence tR, being homomorphic 
image of zR, is uniform. Now x — zr' for some r' e R then x = zr' = - tr'. Now 
we have the following two cases. 
Case I. If tr'R < tR then d{tR/xR) > 1. As n < m and z G Hn{M) we have 
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t = z-ue KDHniM) = Hn{K). Hence x € Hn+i{K). Consequently by induction 
K is h-pure submodule of M. 
Case II. Utr'R = tR then tR = xR and t = xa for some aeR. Now z/ = i-|-z = 
xa + z = zr'a + z = zb for some b e R. It is easy to see that uR = zbR = zR. 
Hence z € /fm+i(Af) and we have t = 0 which is a contradiction hence this case is 
not possible. 
Consequently jRT is a bounded h-pure submodule of M. Now appealing to [30, 
Theorem 3] we get A" to be a direct simmiand of M. Hence the result follows. 
Definitioa 4.3.3. A QTAG—module is called h-pure complete if for every sub-
socle 5 of M there exists a h-pure submodule N of M such that S = Soc{N). 
Proposition 4.3.5 [12, Prop. 9]. If M is a QTAG-module and S is a subsocle 
of M with 5 = Soc{N) for some h-pure submodule N of M then every submodule 
K such that S = Soc{K) is direct sum of cyclic modules provided A^  is a direct sum 
of cycUc modules. 
Definition 4.3.4. If M is a QTAG-moduie and N, K are submodules of M 
then N is called an h-pure complement of /^ if TV is maximal with respect to being 
h-piue and AT n /f = 0. 
Proposition 4.3.6 [12, Prop. 10]. If Af is a QTAG-module such that M is 
h-pure complete then all complements of N are direct sum of cyclic modules if and 
only if all h-pure complements of N are direct sum of cyclic modules. 
Proof: Let every h-pure complement of JV be a direct sum of cycUc mod-
ules. Let K be any complement of N then we can find an h-pure submodule A 
of M such that Soc{A) = Soc{K). Embedding A into a complement B of N, 
we get Soc{B) ® Soc{N) = Soc{M)\ but Soc{A) ® Soc{N) = Soc{M). Hence 
Soc{A) = Soc{B) and by Prop. 4.2.4, A = B. Now appealing to Prop. 4.3.5, we 
get K to be direct sum of cyclic modules. The converse is evident. 
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CHAPTER - 5 
h-DIVISIBLE AND BASIC SUBMODULES OF 
QTAG-MODULES 
§ 5.1. Introduction 
In this chapter we deal with the theory of h-divisible module and basic submod-
ules and generalize a large number of results of abelian groups. In first section we 
have proved that every h-divisible submodule of a QTAG—module is a direct sum-
mand [Prop. 5.2.4]. It is also shown that if iV is an h-neat submodule of M^ < M, 
where M^ is the submodule of M generated by uniform elements of M of infinite 
height, then we have stated a condition so that N becomes an h-pure submodule 
of M [Prop. 5.3.3]. In second section we deal with basic submodule. We discussed 
here an interesting problem : Given any h-pure (Basic) submodule K of Hn{M) does 
there exists an h-pure (Basic) submodule T of M such that Hn{T) — K? and an an-
swer to this is given [Prop. 5.3.5]. S. Singh [31] has shown that any QT AG-module 
possesses basic submodule and any two basic submodule are isomorphic. Here we 
have determined the condition under which a QT AG—m^odule contains exactly one 
submodule [Prop. 5.3.13]. 
§ 5.2. h-divisible submodnles 
Definition 5.2.1. Let M be a (3ri4G-module. Then M is called h-divisible if 
Hi{M) = M. 
It is trivial to see that a QTAG-module M is h-divisible if and only if every uniform 
element of M is of infinite height. 
Proposition 5.2.1 [17, Lemma 1]. Let M be a QTAG-module and M = 
© ^ Ma then M is h-divisible if and only if each Ma is h-divisible. 
Proposition 5.2.2 [17, Lemma 2]. Let M be a QTAG-module then M is 
h-divisible if and only if every uniform element of Soc{M) is of infinite height. 
Proof: If M is h-divisible then the assertion trivially follows. Suppose that every 
uniform element of Soc(M) is of infinite height. Let every uniform element of expo-
nent n be of infinite height. Suppose y is a imiform element of M with e(y) = n +1 . 
Let zR = Soc{yR) then HM(Z) = oo and so there exists a imiform element x € M, 
such that z € xR and d{xR/zR) = n + l. Let wR be a submodule of xR such that 
d{xR/wR) = 1 and d{wR/zR) = n, then w G Hi{M). Now we can find an isomor-
phism f .yR-^ wR which is identity on zR. The map g : yR -^ (y — f{y))R is an 
/?—epimorphism with zi2 < ker g. Hence e(y—/(y)) < n. Hence HM{y—f{y)) = co 
therefore y — f{y) € Hi{M). Hence y G Hi{M). Therefore by induction M is la-
divisible. 
Proposition 5.2.3 [17, Theorem 3]. If M is a QTAG-mod\x\e then M is 
h-divisible if and only if Af is a direct sum of infinite length imiform submodules. 
Proposition 5.2.4 [17, Theorem 4]. If M is a QT^G-module and N is 
h-divisible submodule of M then TV is a direct summand of M. 
Proof: Let T be a submodule of M such that T r\ N — 0 then we embed 
T into a complement K oi N. Hence K ® N is an essential submodule of M 
and so Soc{K) e Soc{N) = Soc{M). Let K e N = B then Soc{B) = Soc(M). 
Now let a; be a imiform element in B D Hi(M) then x = y + z with y E K and 
z e N. It is trivial to see that y and z are uniform. Since N is h-divisible therefore 
2 e ifi(Ar) and so I - z = t/ e Hi{M) D /if. By Prop. 3.3.3, K is h-neat, therefore. 
y e Hi{K). Hence x = y -I- z e Hi{K) e ifi(Ar) and we get x G /fi(B). Conse-
quently B n Hi{M) = /fi(B) and so B is h-neat submodule of M. Now appealing 
to Prop. 3.3.1, weget M = K® N. Hence the assertion follows. 
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Proposition 5.2.5 [17, Prop. 5]. If M is a QTAG-modiAe and iV is a 
submodule of M and T is a complement of N then there exists a minimal h-neafc 
submodule K of M containing N. 
Proof: Since T H N = 0, we embed N into a complement K oiT in M. Then 
K is h-neat submodule M containing N. Now Soc{K) e Soc{T) = Soc{M) and 
Soc{N) e Soc(r) = Soc{M), so Soc{K) = Soc{N). Now if K' is h-neat submodule 
of M with K DK' D N then Soc{K') = Soc{K) hence by Prop. 3.3.1, K' = /T. 
Therefore K is minimal h-neat submodule of M containing N. 
Proposition 5.2.6 [21, Lemma 5]. If TV is a submodule of a QTAG—module 
M and M/K is h-divisible for every complement K oi N in M then M/T is h-
divisible for any complement T of any submodule U of N. 
Proposition 5.2.7 [21, Lemma 7]. If iV is a submodule of a QTAG—module 
M such that M/K is h-divisible for every complement A" of iV in M, then Soc{N) C 
M\ 
Proof: Let xR C Soc{N) be simple such that xR g M^, then appealing to [31, 
Theorem 3.11], we get M = U ®T such that Soc{U) = xR and L'^  is a uniform 
submodule of finite length. It is easy to see that T is a complement of xR. Hence 
by Prop. 5.2.6, M/T is h-divisible which is not possible. Therefore Soc{N) C M^. 
Proposition 5.2.8 [24, Theorem 7]. Let M be a QTAG-module and 5 be a 
subsocle of M with 5oc(M) = S + Soc{Hk{M)) for every fc > 0. Then there exists 
an h-pure submodule N of M such that S = Soc{N) and M/N is h-divisible. 
Proof: Let A'^  be a maximal with respect to Soc{N) = S, then firstly we prove 
that N is h-neat in M. Let x be a uniform element in Hi{M) D N then there exists 
a uniform element y e M such that d{yR/xR) = 1. If y e N then x G Hi{N). 
Suppose y ^ N then S < Soc{N + yR). Hence there exists a uniform element 
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u e Soc{N + yR) such that u^S and u = v + yr where v e N aad r e R. It is 
easy to see that yrR = yR. Now Hi{yR) = Hi{yrR) = xR, so we get x e Hi{N). 
Therefore N is h-neat submodule of M. Hence by [13, Prop. 4] N is h-pure sub-
module of M. Now let X be a uniform element in Soc{M/N) then by [31, Lemma 
3.9] there exists uniform element x' £ M such that x = x' and e(x') = 1. As 
Soc{M) = 5 + Soc{Hk{M)) for all jfc, we get x € Hk{M/N) for every k. Therefore 
S is of infinite height in M/N. Hence by [31, Theorem 3.11] M/N is h-divisible. 
Proposition 5.2.9 [24, Corollary 8]. If M is a QTAG-module and N is 
a submodule of M^, then every complement K oi N is h-pure in M and M/K is 
h-divisible. 
Now combining Prop. 5.2.7 and 5.2.9, we get the following result. 
Proposition 5.2.10 [24, Prop. 9]. If M is a QTAG-module and N is a 
submodule of M, then M/K is h-divisible for every complement /f of iV in M if 
and only if Soc{N) C M^ 
Proposition 5.2.11 [20, Theorem 2.10]. If M is a QTAG-mod\Ae and A^  is 
any submodtde of M with N C M^ ^ 0. Then for any complement T of N, M/T 
is a direct sum of serial modules each of infinite length and so M/T is h-divisible. 
Proof: Follows firom Prop. 3.3.10. 
§ 5.3. Basic submodules 
Definition 5.3.1. If M is a QTAG-modxAQ, then a submodule B of M is called 
basic submodtde if the following holds: 
(i) B is an h-piue submodule of M. 
{ii) JB is a direct sum of uniserial submodules. 
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(iii) M/B is h-divisible. 
Proposition 5.3.1 [19, Lemma A]. Let M be a QTAG-module. An h-pure 
independent subset {xx/X G A} is maximal if and only if M/L, where L = ^ X),R, 
is a direct siun of infinite length uniform submodule. 
Proposition 5.3.2 (19, Theorem 1]. Let M be a QTylG-module then M 
contains a basic submodule. 
Proof: Let L be maximal h-pure independent subset of M. Since the union of 
any chain of h-pure submodules is h-pure therefore B = (L) is h-pure and B is a di-
rect sum of uniserial modules. By Prop. 5.3.1, M/B is a direct sum of infinite length. 
Proposition 5.3.3 [17, Lemma 6]. Let M be a QTAG-module and JB be a 
basic submodule of M. If iV is a h-neat submodule of M containing B then A'^  is 
h-pure submodule of M. 
Proposition 5.3.4 [17, Lemma 7]. If Af is a QTAG—module and N is h-pure 
submodule of M then N^ = NnM^, where iV^  is a submodule generated by uniform 
elements of N of infinite height. 
Proposition 5.3.5 [17, Theorem 8]. Let M be a QTAG-module and B be 
a basic submodule of M and N be h-neat submodule of M^. If K is minimal h-neat 
submodule of M containing B and N then K is h-pure submodule of M and K^ = N. 
Proof: By Prop. 5.3.3, K is h-pure submodule of M. Hence by Prop. 5.3.4, 
N C K\ Now we show that N = KK Since N C M\BnN = 0 therefore 
Soc{B) ® Soc{N) C Soc{K). Let x be a uniform element in Soc{K) and suppose 
X ^ Soc{B)®Soc{N) then xrR = xR and so xr ^ B®N for every r e R with r / 0. 
Hence xRn(B^N) = 0. We embed B®N into a complement T oixR then by Prop. 
3.3.3, T is h-neat submodide K containing B®N which contradicts the minimaUty 
of K. Therefore Soc{B) 0 Soc{N) = Soc{K). Now,Soc{K) D Soc{B) © Soc{K^) D 
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Soc{B) © Soc{N) = Soc{K). Hence Soc{K) = Soc{B) © Soc{K^) and we get 
Soc{N) = Soc{K^). But iV is also h-neat in K\ so by Prop. 3.3.1, A^  = K\ 
Proposition 5.3.6 [17, Theorem 9]. If M is a QTAG-module and B' is a 
basic submodule of Hk{M) then there exists a basic submodule B of M such that 
H,.{B) = B'. 
Proof: Since B ' is a basic submodule, B' = ©I^^eA^-^^- ^^ B ' C Hk{M) 
there exists a uniform element y\ & M such that x^ G y^i? and d{yxR/xxR) = k. 
Let Bjt = ® Z^AeAJ/A^ then we prove that BjJ is h-pure in M. Trivially Soc{B') — 
Soc{Bl). Let X be a uniform element in 5oc(jBjJ), then HB>{X) = HH^,{M){X)- Now 
let HB'{X) = m then there exists a imiform element z £ B' such that x e zR and 
d{zR/xR) = m. Since B ' C Hk{Bl) there exists a uniform element y G B^ such 
that d{yR/zR) = k. Hence d{yR/xR) = k + m. Therefore HBI{X) — k + m. Since 
HHk(M){x) = m, we have HM{X) = m + k. Hence BjJ is h-pure submodule of M. 
Now B f^c(BjJ) = ®^Hk{yxR)- Let i e Hk{yxR) be uniform then t/2 C yxR. Since 
^AiZ is totally ordered either tR C xxR or x^i? C fi?, TVivially xxR ^ tR for oth-
erwise d{yxR/xxR) > k which is a contradiction. Hence tR C xxR and t = XAr 
for some r G i? and we get f G B'. Therefore Hk{Bl) C B'. Thus //fc(B^) = B'. 
Now it is easy to see that {yx\^ G A} is maximal h-pure independent in the since 
that © Yl y>^R ^sfi no smnmand of length < n. Thus Bj* can be extended to a ba-
sic submodule B of M such that B = Sk®Bl where Hk{Sk) = 0. Hence Hk{B) = B'. 
Proposi t ion 5.3.7 [17, Theorem 10]. Let M be a QTAG-module and N' be 
a h-pure submodule of Hn{M) then there exists a h-piure submodule N oi M such 
that Hn{N) = N'. 
Proof: Let K he a submodule generated by those uniform elements y e N' for 
which Hs'iy) = 0. Then for each uniform element y e K there exists a uniform 
element y" e M such that y G y'R and d{y'R/yR) = n. Now let T = Y,y'R + N'. 
Then Hn{T) = ^H^iy'R) + Hr,{N') < N'. Now we show that N' C / / „ ( r ) . Let 
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X be a uniform element in N' then either HN'{X) = OO or HN'{X) = k < OO. If 
Hn'ix) = oo then x E Hn{N') and hence x G //„(T). Now let HN>{X} = k. Then 
there exists a uniform element y E N such that x e yR and d{yR/xR) — k and 
HN'iy) = 0. Hence there exists a imiform element y' E M such that y € t/'i? and 
d{%/R/yR) = n. Hence by construction y' G T and d{y'R/xR) = k + n. Hence 
there exists a uniform element z € M such that d{zR/xR) = n and d{y'R/zR) = fc. 
As z € !//? C T, X e iif„(r). Hence N' = Hr,{T). Now by (if 5)-decomposition 
we can write T = Sn^ T^. Let Tn = N then HrXN) = Hn(T) = N'. Since 
Tn = N, Soc{N) = 5oc(r„) = Soc(ZZn+i Si + Hn{T)) = Soc{Hn{T)) = Soc{N'). 
Now we show that Hsiy) = HM{y) for every uniform element y € Soc{N). Let 
for some uniform element y € Soc{N), Hsiy) < HM{y). Suppose HM{y) = k 
then as Soc{N) = Soc{N') and Hn{N) = N', we must have k > n. Hence there 
exists a uniform element z G M such that y G zR and d{zR/yR) = A;. Let wR 
be a submodule of zR such that d{wR/zR) = k - n and d{zR/wR) = n. Then 
tu G Hn{M) and we get HH„{M){y) = k - n. Since AT' is h-pure submodule of 
Hn(M) therefore H^'iy) = k — n. Hence there exists a uniform element t e N' such 
that d{tR/yR) = k — n. Since Hn{T) = N' we can find a uniform element s e T 
such that d(sR/tR) — n. Hence d{sR/yR) = k and we get Hriy) = k. But iV is 
h-pure submodule of T therefore HN{y) = k, which is a contradiction. Therefore 
Hsiy) = Huiy) for every imiform element y G Soc{N). Hence iV is h-pure sub-
module of M. 
Proposit ion 5.3.8 [17, Theorem 11]. If M is a QTAG-module and L is a 
submodule of M such that L D Hn{M). If AT is a high submodule of M then there 
exists a high submodule K oi L such that N D K D if„(iV). 
Proof: As N is a high submodule of M, Hn{N) is a high submodule of Hn{M). 
AsL^ = {Hr,{M)y = M \ we get Hn{N) n L^ = 0 As Hn{N) C /f„(M) C L, 
we can find submodule K oi L maximal with the property that Hn{N) C K C N 
and K nL^ = 0 . Now we show that K is a high submodule of L. Let a; G L 
such that {K + xR) n L^ = 0 with x e K. Then {N + xR) n M^ ^ 0 and so 
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(N + xR) n Z/^  ^ 0. Therefore there exists an element z e L^ such that z = y + xr 
for some yeN sad reR, then yeNnL. But Hn(N) CKCNHLCNa^nd 
{NnL)nL^ = NnL^ = NnM^=0,soNnL = K. Therefore yeK. Thus we 
get {K + xR) n L^  ^ 0. Hence /if is a high submodule of L. 
Proposition 5.3.9 [17, Corollary 12]. If M is a QTAG-module and iV is 
a submodule of M with Hn{M) Q N. If B is a basic submodule of M which is 
also a high submodule of M then there exists a basic submodule B' of N such that 
BDB'D Hn{B). 
Proof: By Prop. 5.3.8, there exists a high submodule B' of N such that 
B 2 B' D HniB). AppeaUng to Prop. 4.2.10 and 3.3.10, we get B' to be a 
h-pure submodule of N and N/B' is a direct sum of uniform modules of infinite 
length. Since B is a direct sum of imiserial modules, B' is a basic submodule of N. 
Proposition 5.3.10 [17, Theorem 13]. If M is a QTAG-module and N is 
a submodule of M such that N > Hn(M). If B' is a basic submodule of N, then 
there exists a basic submodule B of M such that B' <B. 
Proof: Since B' is a basic submodule of N therefore by [19, Theorem 2] we 
can write N = Sm® Nm, where B' = ® E ~ i Bi and Sm = EI^i Bt and A^ ^ = 
EZm+i Bi + Hrr,iN). SuxcB Soc{NJ = 5oc(^„(7V)). We get S^ D H^{N) = 0, 
consequently Smf^Hn+miM) = 0 and height of every uniform element of Sm in M is 
bounded by n+m. Since we can also write B' = U^^Sm, therefore by [19, Theorem 
4] B' can be expanded to a basic submodule B of M. Hence the result follows. 
Proposition 5.3.11 [20, Prop. 3.5]. If M is a QTAG-module and N is 
a high submodule of M and B is a basic submodule of M^. If /C is a mini-
mal h-neat submodule of M containing B and AT is a high submodule of K and 
M/B = K/B ® M^/B. 
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Proof: By Prop. 4.2.10, we get AT to be an h-pure submodule of M. Again an 
application of Prop. 5.2.11, gives every basic submodule of TV to be a basic sub-
module of Af. As B is h-neat in A/\ we get K to be h-pure submodule of M with 
K^ = B. Since K is h-pure in M, B = i^ r^  = AT n Af ^  we have K/B n M^/B = O. 
We embed K/B into a complement T/B of M^/B. As M^/B is h-divisible, M^/B 
is absolute summand of M/B. Hence MjB = T/B ® M^/B. Now we show that 
K = T. Now by Prop. 4.2.14, T is h-pure m M. Hence B = M^ n T = T^ Hence 
B = T^ = /f^ Since JV is a high submodule of M, ATnT^ = O we embed N into 
a high submodule L of T, then 5oc(r) = Soc{L) ® Soc{T^) = Soc{L) e 5oc(B). 
Also Soc(K) = Soc{B) ® Soc{N). Since L is h-pure in T, L^  = L D T^ = 0. Since 
r is h-pure in M, L is h-pmre in M we get L n M^ = L^ = O which is not possible 
as iV is high submodule of M. Hence N = L. Therefore we get Soc{K) = Soc{T) 
and by Prop. 3.3.1, we get K = T. Thus M/B = KfB ® M^/B and AT is a high 
submodule of K. 
Proposition 5.3.12 (22, Prop. 1]. If M is a QTAG-module and K is an 
h-neat submodule of M such that Soc{M^) Q K a.-a.& K^ = K r\ M^ then W^ = K^. 
Proof: Suppose every uniform element in M^ of exponent n\sia. K. Let y be 
a umform element in M^ such that e(y) = n -F 1, then we can find a submodule 
zR C yR such that d{yR/zR) = 1. IVivially ^ e iiT. Hence by h-neatness of K there 
is a imiform element ue K such that d{uR/zR) = 1. Now appealing to [31, Lemma 
2.3] we get e{y ~ u) < I, so y - u e Soc{M). Since K'^ = K D M \ consequently 
ue K^. Therefore y-ue K^ and we get y e K^. Hence M^ C JC and we have the 
desired assertion. 
Proposition 5.3.13 [22, Corollary 2]. If M is a QTAG-modnle and K is 
an h-pure submodule of M such that Soc(M^) C K then M^ = K^. 
Proposition 5.3.14 [22, Theorem 3]. If M is a QTAG-module such that 
M = e YIT ^nR, 1 < d{xnR) < d{xn+iR) for every n then M has a basic submod-
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ule other than M. 
Proposition 5.3.15 [22, Theorem 4]. If Af is a QTAG-modale then M has 
only one basic submodule if and only if it is either h-divisible or bounded. 
Proof: In case of h-divisibihty and boundedness O and M are the only respective 
basic submodules. Now for the converse let B be a basic submodule of M. If B is 
unbounded then we can get submodule N C B such that N = ^Y1 ^nR, d{xnR) < 
d(i„+ii?). Therefore by Prop. 5.3.14, N will have a proper submodule, consequently 
M will contain more basic submodule. Hence B is bounded and we get Af = B ® T, 
where T is h-divisible. Since h-divisible submodules are absolute summands, by 
Prop. 5.2.4 we can get more B, s which is not possible. Therefore either A/ is fa-
divisible or M is bounded. 
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